In this paper, the connected dominating sets and total dominating sets in the lexicographic product of two graphs are characterized. Further, the connected domination, total domination, forcing connected domination and forcing total domination numbers of these graphs are determined. 2010 Mathematics Subject Classifications: 05C69
Introduction
Let G = (V (G), E(G)) be a connected graph. A set D ⊆ V (G) is a dominating set of G if every vertex in V (G)\D is adjacent to at least one vertex in D. A set S ⊆ V (G) is a total dominating set (resp. connected dominating set) of G if each vertex in V (G) is adjacent to some vertex in S (resp. S is a dominating set and the subgraph S induced by S is connected in G). The total domination number γ t (G) (resp. connected domination number γ c (G)) of G is the minimum cardinality of a total dominating set (resp. connected dominating set). If S is a total dominating set (resp. connected dominating set) with |S| = γ t (G) (resp. |S| = γ c (G) ), then we call S a minimum total dominating set (resp. minimum connected dominating set) of G or a γ t -set (resp. γ c -set) in G.
Let T be a γ t -set of a graph G. A subset S of T is said to be a forcing subset for T if T is the unique γ t -set containing S. The forcing total domination number of T is given by f γ t (T ) = min{|S| : S is a forcing subset for T }. The forcing total domination number of G is given by f γ t (G) = min{f γ t (T ) : T is a γ t -set of G}.
Let C be a γ c -set of a graph G. A subset D of C is said to be a forcing subset for C if C is the unique γ c -set containing D. The forcing connected domination number of C is given by f γ c (C) = min{|D| : D is a forcing subset for C}. The forcing connected domination number of G is given by
Chartrand et. al [2] initiated the investigation on the relation between forcing and domination concepts in 1997 and used the term "forcing domination number". In 2017, John et. al [3] investigated the forcing connected domination of a graph. In 2018, Canoy et. al [1] investigated the forcing domination number of graphs under some binary operations.
The lexicographic product (composition) G[H] of two graphs G and H is the graph with
V (G[H]) = V (G) × V (H), and (u, u )(v, v ) ∈ E(G[H]) if and only if either uv ∈ E(G) or u = v and u v ∈ E(H). For each ∅ = C ⊆ V (G) × V (H), the G-projection and H-projection of C are, respec- tively, the sets C G = {x ∈ V (G) : (x, a) ∈ C for some a ∈ V (H)} and C H = {a ∈ V (H) : (y, a) ∈ C for some y ∈ V (G)}. Observe that any non-empty subset C of V (G) × V (H) can be written as C = ∪ x∈S ({x} × T x ) ⊆ V (G[H]), where S ⊆ V (G) and T x = {a ∈ C H : (x, a) ∈ C} for all x ∈ S.
Total Domination in the Lexicographic Product of Graphs
We shall use the following well-known result. Lemma 2.1. [1] Let G be a connected graph and S a dominating set of G.
Theorem 2.2. Let G and H be both nontrivial connected graphs.
Then
). This implies that y ∈ S and u ∈ N G (y). This shows that S is a dominating set of G. If S is a total dominating set of G, then we are done. So suppose S is not a total dominating set of G.
Corollary 2.3. Let G and H be nontrivial connected graphs with γ t (H) = 2. Then
is a total dominating set by Theorem 2.2(i). It follows that γ t (G) = |R| = |Y | < |C|, contrary to our assumption of C.
is a total dominating set by Theorem 2.2(ii). This is not possible because |C * | < |C| Therefore |T x | = 1 for all
The converse is easy.
. Suppose S is not a total dominating set. Then S is a dominating set of G and T x is a total dominating set of H for every x ∈ S \ N G (S), by Theorem 2.2. Since γ t (H) = 2, it follows that |T x | > 2 for every x ∈ S \ N G (S). By Lemma 2.1 and since
. Then Q is a total dominating set of G[H] by Theorem 2.2(i). Moreover, |Q| = |S 1 | = γ t (G). Thus, |Q| < |C|, contrary to our assumption of C. Therefore, S is a total dominating set of G. Using a similar argument, it can be shown that S is a γ t -set of G and |T x | = 1 for all x ∈ S.
For the converse, suppose that C = ∪ x∈S ({x} × T x ) and S is a γ t -set of G with |T x | = 1 for all x ∈ S. By Theorem 2.2, C is a total dominating set of G[H]. If C 1 = ∪ x∈S 1 ({x}×L x ) is another total dominating set of G[H], then, by Theorem 2.2, S 1 is dominating set of G and L x is a total dominating set of H x for each x ∈ S 1 \ N G (S 1 ). Let D 1 = S 1 ∩ N G (S 1 ) and D 2 = S 1 \ N G (S 1 ). By Theorem 2.2,
Thus, by Lemma 2.1, γ t (G) = |C| ≤ |C 1 |. This implies that C is a γ t -set of G[H]. 
be a forcing subset for C. First, suppose that S is a γ t -set of G. Then |T x | = 1 for all x ∈ S by Corollaries 2.3 (i) and 2.4. Hence, R x = T x for all x ∈ D. If D = S, say y ∈ S\D,
where T * x = T x for x ∈ S\{y} and T * y is a singleton subset of H different from T y . Since C * is a γ t -set of G[H] and C * = C, R C is not a forcing subset for C, contrary to the assumption. Thus, D = S, that is,
Next, suppose that S is a dominating (not a total dominating) set of G such that |S ∩ N G (S)| + 2|S\N G (S)| = γ t (G). Then |T x | = 1 for all x ∈ S ∩ N G (S) and T x is a γ t -set of H for each x ∈ S\N G (S) by Corollary 2.3(ii). (Note that in this case, γ t (H) = 2). Let
This is a contradiction because S 0 is a total dominating set of G. Thus, |F S | = |S \ N G (S)| (hence, the v y 's are distinct). Next, suppose that there exists q ∈ S \ N G (S) such that {q} × T q is not contained in R C . Let T q = {a, b} and suppose, without loss of generality, that (q, a) /
Thus, C q is a γ t -set of G[H] by Corollaries 2.3 and 2.4, C q = C, and R C ⊆ C q . This implies that R C is not a forcing subset for C, contrary to the assumption that it is.
Therefore Then
Connected Domination in the Lexicographic Product of Graphs
C = ∪ x∈S ({x} × T x ) ⊆ V (G[H]), where S ⊆ V (G) and T x ⊆ V (H) for every x ∈ S, is
a connected dominating set of G[H] if and only if S is a connected dominating set of G,
where T x is a connected dominating set of H whenever |S| = 1. It follows that [x 1 , x 2 , . . . , x k ], where x 1 = x and x k = y, is an x-y geodesic and x i ∈ S for all i ∈ {1, 2, . . . , k}. This implies that S is connected. Now, suppose that |S| = 1, say S = {x}. Let a, b ∈ T x , where a = b and ab / ∈ E(G). Since  (x, a) , a 1 ), (x, a 2 ) , . . . , (x, a k )], where a 1 = a, a k = b, and (x, a i ) ∈ C for all i ∈ {1, 2, . . . , k}. It follows that [a 1 , a 2 , . . . , a k ] is an a-b geodesic and a i ∈ T x for all i ∈ {1, 2, . . . , k}. Hence, T x is connected. Moreover, T x is a dominating set in H.
Assume that S is a connected dominating set of G, and that T x is a connected dominating set of H whenever |S| = 1. Assume first that |S| ≥ 2 and let (z, c) / ∈ C. Since S is connected, there exists w ∈ S such that wz ∈ E(G). 
